A bipartite state is classical with respect to party A if and only if party A can perform nondisruptive local state identification (NDLID) by a projective measurement. Motivated by this we introduce a class of quantum correlation measures for an arbitrary bipartite state. The measures utilize the general Schatten p-norm to quantify the amount of departure from the necessary and sufficient condition of classicality of correlations provided by the concept of NDLID. We show that for the case of Hilbert-Schmidt norm, i.e. p = 2, a closed formula is available for an arbitrary bipartite state. The reliability of the proposed measures is checked from the information theoretic perspective. Also, the monotonicity behavior of these measures under LOCC is exemplified. The results reveal that for the general pure bipartite states these measures have an upper bound which is an entanglement monotone in its own right. This enables us to introduce a new measure of entanglement, for a general bipartite state, by convex roof construction. Some examples and comparison with other quantum correlation measures are also provided.
I. INTRODUCTION
The most significant feature of quantum systems is the quantum superposition. This property of quantum mechanics arises from the linearity of quantum mechanics and is the origin of the quantum correlation in composite quantum systems. For decades, the notion of quantum correlation was often associated with the concept of entanglement. Entanglement is an important resource for quantum information and computation processing and is necessary for performance of some quantum communication protocols [1] . However, entanglement is not the only aspect of quantum correlations; some separable (disentangled) states exhibit nonclassical features [2, 3] . A great deal of works has been spent to the subject of the measures of correlations (see [4, 5] and references therein), and various measures of quantum correlations beyond entanglement have been introduced, some of them are known under the collective name quantum discord. Many of these measures have been related to various tasks and concepts in quantum information and quantum computation such as, decoherence [2] , measurement induced non locality [6] , geometry of state space [7, 8] , state discrimination [9] , deterministic quantum computation with one qubit [10] [11] [12] , witnessing the quantum correlation [13] , no-broadcasting [14] [15] [16] , quantum metrology [17] , quantum state merging [18] [19] [20] , and quantum thermodynamics [21, 22] . There have also been several proposals related to experimental investigations of classical correlation and quantum correlation beyond entanglement [23] [24] [25] [26] [27] [28] [29] .
The space of classically correlated states is a measure-zero subspace of the space of separable states [30] . The state ρ of a bipartite system is called classical-quantum if it is classical only with respect to the party A, i.e. if and only if it can be represented as ρ = i p i Π In order to distinguish classically correlated states from the set of quantum states, Chen et al. [31] have introduced the concept of nondisruptive local state identification (NDLID). A bipartite state ρ is classical with respect to party A if and only if party A can perform NDLID by a projective measurement [31] . They showed that the states which can undergo NDLID task are locally broadcastable (see [14] for local broadcasting) and hence are classical states, i.e. they are classically correlated states. Accordingly, they provided the following theorem in order to decide whether or not a given bipartite state ρ, acting on the Hilbert space H = H A ⊗ H B , is classical with respect to the party A.
Theorem 1 [31] Let ρ be a bipartite state acting on the Hilbert space
denotes any orthonormal basis for H B . Then ρ is classical with respect to party A if and only if
is diagonal in the same orthonormal basis {|a k } dA k=1 for all i, j. To characterize classically correlated states, Wu et al. have obtained similar results in [33] and proposed a normbased measurement of quantum correlation of two-qubit states. They have used max norm of operators to quantify the deviation from the necessary and sufficient condition for classical correlated state, and investigated the dynamics of quantum correlations in Markovian and non-Markovian processes. In a similar manner, Guo et al. [34] introduced a different measure of quantum correlation by using Hilbert-Schmidt norm. While both of these measures are computable, they did not include an in-depth analysis of the correlation measures from an information theoretic perspective; they are not judged according to any information theoretic criteria like the criteria provided in Ref. [35] . More precisely, the former is base-dependent, so it is not invariant under local unitary transformation and can not be considered as a reliable measure. The latter, however, does not reduce to an entanglement monotone for pure states.
In this paper we use the concept of NDLID and provide a class of quantifiers of quantum correlation for an arbitrary bipartite state. As a bipartite state ρ can undergo NDLID by party A if and only if it is classical with respect to party A [31] , any disability of such task comes from the nonclassical correlation of the party A. Exploiting this notion, we define a measure of quantum correlation by quantifying the amount that the state violates the necessary and sufficient condition of classicality of correlation, stated in the theorem above. We utilize a general Schatten p-norm [36] to quantify the degree of non-commutativity of the operators A , we lead to a class of quantum correlation quantifiers which are invariant under local unitary transformations. We show that for the Hilbert-Schmidt norm, i.e. p = 2, the defined measure does not require optimization, leading to a closed relation in this case. We also show that for an arbitrary p, our measures are non-increasing upon attaching local ancillary state on the unmeasured subsystem. Furthermore, we find that the one-norm, i.e. p = 1, is the case that the measure remains invariant upon attaching to or removing of local ancillary state on the unmeasured subsystem. The monotonicity behavior of the measures under local operations and classical communications (LOCC) is also exemplified and we find that for two-qubit case the measures are monotone for p ≤ 3.
In addition we find that, at least for d ≤ 3, the measures are monotone for p = 1. This result enables us to define an entanglement measure by convex roof construction.
The remainder of this paper is organized as follows. In section II, we introduce our measures of quantum correlation and provide a closed relation for the case of Hilbert-Schmidt norm. Section III is devoted to investigate some properties of the measures. Some examples are given in section IV. The paper is concluded in section V.
II.
QUANTIFYING QUANTUM CORRELATION THROUGH THE SCHATTEN p-NORM Theorem 1 provides a necessary and sufficient condition for classicality of a bipartite state ρ due to party A, in the sense that ρ is classic with respect to party A if and only if A Measuring any departure from this condition may be used as an indicator of the quantumness of the system. In order to quantify any violation of this condition, we use the general Schatten p-norm and quantify the order of noncommutativity of the set A 
Theorem 1 then implies that ρ is a classical state with respect to party A if and only if the above quantity vanishes for all entities of the set M Φ (B) (ρ), i.e. for any pair of indices I = {ij, kl}. Accordingly, we define
as an indicator of the quantumness of the correlation of ρ. Here, we used ′ I to stress that the sum is performed over all inequivalent nontrivial pairs of I = {ij, kl}, i.e. for all pairs such that {ij, kl} = {kl, ij}, in order to avoid double counting. Evidently, ρ is a classical-quantum state if and only if D of party B. However, the above quantity depends on the chosen basis, so that to make it independent on the basis of the party B, we propose the following quantity as a measure of the quantumness of the correlation.
Proposition 2 For any bipartite state ρ we define
as a measure of the quantumness of the correlation of ρ with respect to the party A. Here the minimum is taken over any orthonormal basis for H B .
Before discussing various properties of D p (ρ), let us mention that in the particular case p = 2 the definition (4) does not require minimization, i.e.
p=2 (ρ) for any basis Φ (B) . In Appendix A we will provide a proof for this assertion, along with a closed relation for D p=2 (ρ). The result is summarized in the following theorem.
Theorem 3 For an arbitrary bipartite state ρ, we find the following closed relation for D p=2 (ρ)
where x is the local coherence vector of party A, and T denotes correlation matrix of the state ρ, defined by Eqs. (A3) and (A4), respectively. Moreover, 
III. PROPERTIES OF Dp(ρ)
In this section we investigate some properties of D p (ρ). To make these properties clearer, we first discuss the properties of D p (ρ) for a general pure state ρ = |ψ ψ|. Then we will discuss the properties of D p (ρ) for a general mixed state ρ. 
gives us both reduced density matrices ρ A and ρ
, respectively. Using these definitions we get, for a fixed I = {ij, kl}
where can be used in Eq. (3) 
where we have defined µ q (ψ) = Tr(ρ
Proof For an arbitrary |ψ let us choose the basis Φ 
where by Eq. (4) leads to Eq. (7).
Note that the above upper bound is tight in the sense that there exist states for which the bound is saturated. In particular, one can easily shows that the bound is tight for the following cases.
1. For arbitrary values of p and d, the bound reduces to zero for the product state |ψ pro = |e A |e B .
2. For arbitrary values of p and d, the bound is saturated for the maximally entangled state |ψ max =
To see this recall that in this case we have ρ
. This, however, can be used to define an orthonormal basis for H A as {|ξ
. Using this and Eqs. (3), (6), and after some straightforward calculations, one can find Eq. (9) which, clearly, coincides with the upper bound (7)
To see this let us choose |φ p=1 (ψ) = (11)
depends only on the angle θ. Minimum occurs for θ = 0 or π/2, leads to Eq. (10).
The following lemma concerns about monotinicity of these measures under LOCC operations. In particular, for two cases (i) d = 2, p ≤ 3 and (ii) d = 3, p = 1 we have the following lemma.
(ψ) defines an entanglement monotone, i.e. it is a non-increasing quantity under LOCC.
2 1/p which has a unique maximum at
Moreover, recall that a function F (λ) is monotonously decreasing under LOCC if F is invariant under any permutation of Schmidt coefficients λ i and if F is Schur concave [38, 39] 
which is nonpositive for all values of λ 1 , λ 2 if p ≤ 3. This completes the proof. A similar proof can be made for the second case d = 3, p = 1.
The extension of the above lemma to arbitrary dimension d requires more investigations. As the degree of entanglement of any pure state may be characterized by any Schur concave function of the Schmidt vector λ [38] , one can use D LSB p (ψ) to define an entanglement measure for a general mixed state ρ by convex roof construction [40] . ), is an entanglement monotone. Therefor we define entanglement of the bipartite pure state |ψ as E p (ψ) = D LSB p (ψ). Furthermore, by convex roof construction [40] one can define a measure of entanglement of a general bipartite state ρ as
where the infimum is taken over all pure state decomposition of ρ, i.e. all ensembles {p i , ψ i } for which ρ =
Let us exemplify our results by considering the two-qubit pure state |ψ = √ λ|00 + √ 1 − λ|11 . In this case D p=1 (ψ) is given by Eq. (10), and one can find D p=2 (ψ) =
Recall that in this case concurrence [41] is defined by C(ψ) = 2 λ(1 − λ) = 2(1 − µ(ρ B )). In Fig. 1 we have plotted D p=1 (ψ), D p=2 (ψ), and C(ψ) in terms of √ λ. Clearly, both defined measures are monotone functions of concurrence.
B. Properties of Dp(ρ): Mixed states
Let us now turn our attention on the properties of the above measures for the general case of an arbitrary mixed state ρ. As mentioned in [35] , a good measure of quantum correlation should have some necessary properties. In the following we check these properties for our measure. 1. Positivity, i.e. D p (ρ) ≥ 0, and the equality is satisfied if and only if the state is a classical-quantum state.
The measure takes its maximum value
This follows easily from lemma 5 and the fact that for the maximally entangled states the bound is saturated.
Invariance under local unitary transformations U
). This follows from the fact that under such transformations ρ → ρ
Invoking the definition (4), we find that
. This completes the assertion.
4.
No increase upon attaching a local ancillary state ρ C on the unmeasured subsystem (see [42] ), i.e. for any map Γ C : ρ → ρ ⊗ ρ C (any channel that introduces a noisy ancillary state ρ C on the unmeasured subsystem), we have that
Moreover, for p = 1 the measure is invariant under local reversible operations on the unmeasured subsystem, i.e. D p=1 (Γ C (ρ)) = D p=1 (ρ) for any map Γ C that append/remove any ancillary state ρ C on/from the unmeasured subsystem B. To show this let Φ BC = {|φ
defined by Eq. (1) and ρ
for the sake of simplicity. Using Eq. (2), this leads to
, which can be used to write
Here I is sum over all values of the pairs I = {ij, kl} and I ′ is defined similarly. Also we have defined
. Note that factorization in Eq. (15) arisen because we used a product basis for H B ⊗ H C which, of course, is not the general one. However, the product basis is sufficient to get the minimum, because in this case the problem of finding minima is reduced to find minimums of two independent terms. Therefore
where D p (ρ) is given by Eq. (4) and we have defined
. Now to make any progress we have to find Λ p (ρ C ). Evidently, for p = 2 we get Λ
2 as the purity of ρ C , which is independent of the basis Φ (C) . Moreover for p ≤ 2, the minimum of Λ
coincides with the eigenvectors of ρ C , so that we get
where λ C i ′ denotes eigenvalues of ρ C . In particular for p = 1 we find Λ p=1 (ρ C ) = Trρ C = 1, i.e. D p=1 (ρ) is invariant under local reversible operations on the unmeasured subsystem.
As it is evident from the last line of the proof of the property 3, the required property of being invariant under local unitary transformations is satisfied by D p (ρ), but the quantity D p (ρ) can not be considered as a bona fide measure of quantum correlation. Moreover, at least for d ≤ 3 and p = 1, such defined measure of quantum correlation leads to an entanglement monotone when we consider pure states. This, therefore, indicates that the measures considered in Refs. [33, 34] have the drawback that they are either base-dependent, i.e. it is not invariant under local unitary transformations performed on the subsystems [33] , or does not reduce to an entanglement monotone for pure states [34] . Moreover, they may increase under reversible actions performed on the subsystem B whose classicality is not tested [42] .
IV. EXAMPLES
In this section we provide two illustrative examples. Two-qubit Werner states.-As the first example let us consider the two-qubit Werner state
with F = 1 k,l=0 (|kl lk|). In this case we obtain
where D G (ρ) is the original geometric discord [7] , and D 1 G (ρ) is the one-norm geometric discord [43] . Two-qubit quantum-classical states.-Let us now consider the quantum-classical states defined by
where ρ . The one-norm geometric discord of these states is given by [44] 
For these states we have
where Q(ρ) is a measure of quantum correlation of quantum-classical states defined by Abad et al. [45] as
For the purpose of calculation of D
, where |φ B 1 = cos θ|0 + e iφ sin θ|1 and |φ B 2 = sin θ|0 − e iφ cos θ|1 , as a general basis for H B . In this manner we obtain
which, clearly, depends on the chosen basis Φ (B) via θ. Using the fact that minimum of {| cos 2θ| + 2| sin 2θ|} occurs at θ = 0 or π/2, we find
Furthermore, geometric discord of this state can be written as Figure 2 clarifies the comparison between these measures. , and (a) p = 
V. CONCLUSION
In summary, we have defined a class of quantum correlation identifiers with the aid of the concept of the nondisruptive local state identification. This concept provides the necessary and sufficient condition for classicality of correlation for bipartite quantum systems. Any departure from this condition could be considered as a measure for quantumness of correlation between two parts of such systems. We have employed the general Schatten p-norm to evaluate how the above condition is violated. Moreover, we have looked at the measures from the information-theoretic point of view. For this purpose, we have checked some properties such as: invariance under local unitary transformation, monotonicity under local quantum operation and classical communication, and invariance under a local and reversible operations performed on the unmeasured subsystem. For the case of Hilbert-Schmidt norm, i.e. p = 2, we have obtained, without any optimization procedure, an explicit closed formula for measuring the quantum correlation of an arbitrary bipartite state. For the other cases (p = 2) the optimization procedure is needed in general, reducing therefore the computability of the measures. However, for general pure states, we have shown that our measures are bounded form above. Furthermore, it is shown that this upper bound is an entanglement monotone so that, by using the method of convex roof construction, serve a new measure of entanglement for a general bipartite state. In order to clarify and compare our measures with the other measures, we have provided two two-qubit examples.
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and {λ 
where we have defined f s ijk as the structure constant of the Lie algebra su(d s ) [37] . Then a general bipartite state ρ on H A ⊗ H B can be written in this basis as
Here I s stands for the unit matrix of the Hilbert space H s , x = (x 1 , · · · , x dA 2 −1 ) t and y = (y 1 , · · · , y dB 2 −1 ) t are local coherence vectors of the subsystems A and B, respectively
and T = (t ij ) is the correlation matrix
Tr (λ 
where we have defined
Here {F 
where (T T t ) ij denotes the matrix elements of T T t . It turns out from Eqs. (A6) and (A7) that D
p=2 (ρ) does not depend on the chosen basis Φ (B) , so that we arrive at the theorem 3.
